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Abstract: The influence of material variability upon the multiaxial LCF assessment of 
engineering components is missing for a comprehensive description. In this paper, a 
probabilistic framework is established for multiaxial LCF assessment of notched components 
by using the Chaboche plasticity model and Fatemi-Socie criterion. Simulations from 
experimental results of two steels reveal that the scatter in fatigue lives can be well described 
by quantifying the variability of four material parameters    
    
      . A procedure for 
choosing the safety factor for fatigue design has been derived by using first order 
approximation.  
Keywords: Multiaxial fatigue, elasto-plasticity, FE analysis, life prediction, uncertainty 
Nomenclature 
  Fatigue strength exponent       Maximum normal stress 
   Shear fatigue strength exponent    Yield strength 
  Fatigue ductility exponent   
  Fatigue strength coefficient 
   Shear fatigue ductility exponent   
  Shear fatigue strength coefficient 
  Normal stress sensitivity coefficient   
  Fatigue ductility coefficient 
   Cyclic strain hardening exponent   
  Shear fatigue ductility coefficient 
  ,    Kinematic hardening constants    Safety factor 
  Elastic modulus   Poisson’s ratio 
  Shear modulus    Plastic Poisson’s ratio 
   Cyclic strength coefficient         Elastic and plastic strain amplitude 
  Back stress tensor       Stress and total strain amplitude 
   Elastic stiffness matrix       Maximum shear strain range 
    Stress and strain tensor       Equivalent shear strain amplitude 
   Strain resistance at       Number of cycles to failure  
  Design local strain     Predicted number of cycles to failure 
   Target design life   
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1 Introduction 
Existence of geometrical discontinuities like notches in fatigue critical structures and 
components often gives rise to localized plastic strain, which may lead to crack initiation 
under cyclic loadings. Failure of these structures and components generally exhibits a 
stochastic behavior due to the variations in material properties, microstructures, geometries 
and in-service loads. Experimental results and process observations often appeared random in 
nature. Fatigue assessment of these components involves quantifying information concerning 
multiple variations, and fusions the information into a form suitable for fatigue design and 
subsequent life prediction. Since 1950s, dealing with this spread or scatter in fatigue lives 
played a vital role to ensure that the probability of structural failure is acceptably low. 
Traditional descriptions of this ‘fatigue variability’ are usually characterized by a distribution 
of lifetime response, one way to ascertain its main descriptors (mean and variance) is based 
on a sufficient number of tests which is time consuming and costly to generate; the other one 
is to conduct numerical simulations to analyze cyclic response and fatigue behavior by 
interfacing with probabilistic approaches and Finite Element (FE) solvers [1][2]. Since 
structural integrity of engineering components are directly affected by physical variability, 
statistical uncertainty, model uncertainty and errors [3]–[5], quantifying and controlling these 
uncertainties are essential to enhance the competitiveness in designing fatigue critical 
products such as turbine engines and railway axles [6]–[9]. Moreover, the development and 
application of probabilistic approaches with Physics-of-Failure (PoF)-based methods is 
imperative for valid structural integrity assessment of engineering components under 
complex loadings, i.e. multiaxial loadings in a low cycle fatigue (LCF) regime [10].  
From the engineering design point of view, experience/expert judgment-based safety 
factors are generally introduced by a designer to balance the effects of multiple sources of 
uncertainty, which tends to reach an acceptable level of likelihood of failure. However, the 
direct use of scatter factors for representing fatigue variability often result in conservative or 
even over-conservative results. A conservative safety factor can lead to heavy structures and 
unnecessary maintenance costs. In particular, empirical or semi-probabilistic approaches are 
suggested in the standards/codes, which provide the designer a series of partial safety factors 
accompanying with limit state design codes to achieve the target reliability [11]. Among them, 
Eurocode 3 [12] introduces S-N diagrams under 5% failure probability    for different 
welded details, and suggests a safety factor         onto the S-N curve of the welded 
detail for duality assessment of safety critical components. Similarly, the FKM Guideline [13] 
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prescribes S-N diagrams with         and        for the steel and aluminum 
components. However, these prescriptions cannot precisely elaborate the relationship 
between the load dispersion and the chosen safety factor, and cannot be used for fatigue 
design under a given target   . According to the nuclear design code [14], design curves can 
be fitted from experimental data through lowering by a scatter factor-of-two on stress or a 
scatter factor-of-twenty on life. These factors are not safety margins but rather adjustments 
for the uncertainties and scatter resulting from the fatigue data of laboratory tests to those of 
actual components [15]. For aero engine components, life curve corresponding to     
   
(i.e.     ) obtained from experiments is referred for life assessment, which ignored the 
load variability and some other safety factors are needed for achieving the target reliability in 
LCF design [16]. For helicopter components, the so-called “TOS/    ” methodology was 
introduced by using a working S-N curve, which defines the ‘fatigue strength’ of the material 
by three standard deviations below the mean and an ‘extreme load spectrum’ by three 
standard deviations above the mean. However, a simple application of these concepts for 
multiaxial fatigue criteria hasn’t yet been explored.  
Until now, continuous efforts are being made in an attempt to reduce the over-
conservatism in LCF design. Among them, probabilistic approaches provide a rational way 
for fatigue design under uncertainty. Systematically dealing with the uncertainties in fatigue 
signiﬁcantly affects the performance in defining morphology and material of engineering 
components, and also the robustness of fatigue design. These combined effects might lead to 
a large scatter of structural performance. Thus, appropriate treatment of uncertainty in fatigue 
design has become a signiﬁcant topic with widespread interest [17]–[24]. Prior work on 
statistical or probabilistic aspects of fatigue includes modeling of the variability in material 
properties (e.g., elastic modulus, fracture toughness, yield strength) [6], [17], [25]–[27], 
equivalent initial flaw size (EIFS) [21], [28]–[30], microstructures as well as defects [31]–
[35], stress-life data [36]–[39], and under multiaxial conditions [40]–[45]. Generally, two 
aspects need to be addressed for probabilistic fatigue design: a valid PoF-based fatigue model 
and a probabilistic framework for treating both the random material variables and the 
uncertainty on model parameters in the fatigue model [46], which has been reviewed in detail 
recently by Pineau et al. [47].  
In order to quantify LCF life variability, most of available researches [5], [17], [37], [38], 
[48]–[50] focused primarily on obtaining the lifetime distribution from variation under given 
loading conditions as well as, the variation in the crack formation and crack growth rates. 
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Among them, Correia et al. [49] explored the generalization of various fatigue damage 
parameters to obtain the Weibull percentile curves, which provide new perspectives for 
utilizing the probabilistic approach to estimate fatigue life of structural components. Naderi et 
al. [26] investigated the effects of finite element types and sizes, initial flaws and material 
property variations on the fatigue life scatter of metals, and predicted the plastically induced 
fatigue damage for four types of metals. Pessard et al. [51] developed a probabilistic 
multiaxial modelling framework to describe the Kitagawa–Takahashi diagram by combining 
two fatigue damage mechanisms, which is based on the weakest link hypothesis. Recent 
research in [38] demonstrated that current safe-life design methods [12]–[14], [52], [53] 
introduced a series of partial safety factors to empirically or semi-empirically consider the 
variability in applied stress and material behavior. Sandberg et al. [22] pointed out that the 
fatigue failure probability should be used in design by modeling all uncertainties that 
influence the problem, i.e. the uncertainty stems from material properties and the variation in 
loading of components. These types of analyses indicated that combination of numerical 
simulation and cyclic plasticity modeling can yield more accurate results than traditional ones. 
However, current statistical approaches developed to account for fatigue behavior and life 
scatter ignored certain aspects of material variability and load fluctuations. Thus, a complete 
and systematic framework for probabilistic modeling of material variability and load 
fluctuations for fatigue design is expected. 
Because of material variability, mechanical response in a component level is going to be 
stochastic as well. From the point of view of constitutive modeling, deterministic models 
generally represent a description of the average macroscopic behavior by the regression of 
test data. Few theoretical basis is available to infer further mechanical response variability of 
the material. Zhao et al. [54] performed a statistical investigation on the cyclic stress-strain 
response of a nuclear material. They introduced a probability-based Ramberg-Osgood form to 
model the random response of the nuclear material [55]. Different from the analytic 
approximation approach based on Neuber rule and Ramberg-Osgood equation applied in [38], 
this paper follows the combination of FE analysis and experiments dealing with stochastic 
nature of material response numerically by using Latin hypercube sampling technique.   
The traditional deterministic approach for multiaxial LCF design has been the 
dominating method in the industry, however, current certified methods are essentially 
phenomenological, and based on design codes/standards. Such methods are empirical and 
conservative and cannot adapt easily to a change in materials or process, and often be over-
conservative in stress concentration areas. Moreover, few studies have explored the chosen 
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safety factor from a probabilistic design set-up prospective of material variability and load 
dispersion. According to this, the purpose of this study is to quantify the effects of material 
variability and load fluctuations on notched fatigue behavior and life scatter of materials in a 
multiaxial LCF regime, and suggest the scatter in fatigue lives accurately rather than 
conservatively presented, then provide an indication for choosing or defining valid safety 
factors in multiaxial LCF design.   
The rest of the paper is organized as follows. Section 2 elaborates the material variability 
in uniaxial and multiaxial LCF. In addition, the material and model parameters are identified 
by using stochastic modeling and curve fitting techniques. In Section 3, a numerical 
framework for probabilistic multiaxial LCF design and life prediction is proposed by 
interfacing FE with Latin hypercube samplings. Section 4 compares the results of simulations, 
first order approximations (FOA) with the experimental data of 950X and 9CrMo steels, and 
discussions together with designs under different safety factors and load fluctuations are 
given. Finally, Section 5 concludes the remarks of this paper.  
 
2 Uncertainty in material response 
2.1 Material variability in uniaxial LCF 
Looking to the history of researches relate to fatigue, most of them focused on 
developing or using deterministic methods to improve resistance of materials/structures 
against fatigue. However, the fatigue cracking (both of crack initiation and propagation) 
process is inherently random due to material variability, microstructural irregularities and 
uncontrolled test conditions. In addition, various sources of uncertainty arising from a 
simpliﬁed representation of actual physical process (primarily using semi-empirical or 
empirical models) and/or sparse information on manufacturing, material properties, and 
loading proﬁles contribute to stochastic behavior or scatter of failure mechanism modeling 
and analysis [4][23].  
In fatigue design of safety critical components in mechanical systems, various sources of 
uncertainty including variations in material property, loading and geometry, which can be 
broadly divided into two categories: aleatory and epistemic [1]. The first one drives from the 
inherent variation resulting from the physical process, and cannot be reduced but need to be 
better quantified; the latter one derives where knowledge or information is lacking in fatigue 
cracking analysis, and can be reduced after the acquirement of new information and/or better 
use of the data and/or more accurate modeling methods. The cyclic stress-strain response in a 
structure/component provides the necessary relation for cyclic plasticity modeling and 
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analysis. Note from the cyclic stress-strain relationships that cyclic loading significantly 
affects the deformation behavior of the material. However, its scatter is seldom considered in 
traditional fatigue design even in relative reliability analysis, which depends on inherent 
behavior of the material and whether such behavior can be altered by prior loading or after 
periods of service aging.  
Variations of the stress amplitudes with cyclic response and fatigue life fraction for 950X 
steel under uniaxial fatigue in our previous work [38] are shown in Fig. 1. It’s worth noting 
that the cyclic stress-strain responses for present material exhibited a significant scatter. In 
another words, a given load may lead to the random cyclic strain response, which might 
result from the difference of microstructural growth processes ahead of the main crack tips.  
(a)  
(b)  
Fig. 1 Variations of (a) cyclic response and (b) stain-life for 950X steel 
Through simulating the cyclic stress-strain response based on fatigue testing of smooth 
specimens, the so-called strain-life approach that includes both of the elastic and plastic 
components of deformation has been commonly used for fatigue failure analysis, which 
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relates the local elastic-plastic behavior of the material under fatigue loadings. Based on this, 
the relationship between total strain amplitude    and fatigue life    in reversals can be given 
by the Coffin-Manson equation, 
           
  
 
 
     
 
   
      
 
                                            (1) 
where   
  and b denote the fatigue strength coefficient and exponent;   
  and c represent the 
fatigue ductility coefficient and exponent, respectively.  
When using Eq. (1) to model fatigue behavior of a material, its cyclic stress-strain 
response can be generally described by the Ramberg-Osgood equation as 
  
 
 
  
 
  
 
    
                                                       (2) 
where   and   are the local strain and stress at a given location;   is the elastic modulus;    
and    denote the cyclic strength coefficient and cyclic strain hardening exponent, 
respectively.  
Assuming that elastic and plastic components in the Coffin-Manson equation (1) 
correlate well with that of Ramberg-Osgood equation (2) leads the following equations [56] 
  
 
   
      
 
      
  
  
     
   
  
  
       
  
  
   
 
 
  
(3) 
(4) 
Using Eq. (1) to Eq. (4), cyclic response and fatigue behavior of materials can be well 
described, where only four of the six material parameters    
    
             can be 
independently fitted from actual measurements, as reviewed in [38], [57], [58]. In 
engineering practice, a traditional strain-life curve that only represents median response of 
the material was found to be insufficiently robust, thus a probabilistic one that incorporates 
material variability is necessary. In addition, the variability of material response in Eq. (1) 
and Eq. (2) can be included by means of variability of these six parameters.  
The key to assess the reliability of fatigue critical components is to realistically quantify 
the input variables and their variations and potential correlations. In particular, those six 
parameters can be fitted and/or derived from the cyclic stress-strain relationship and strain-
life curve according to Eq. (1) and Eq. (2) for each batch of experimental data. Recently, 
several methods have been developed for assessing the Coffin-Manson parameters [57][58]. 
From a statistical point of view, as indicated by Meggiolaro et al. [57][58], accurate 
estimations can be derived by treating the exponents b and c as constant values, and   
  as a 
linear function of ultimate strength   .  
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In the present work, a statistical analysis of material properties for 16 different batches of 
test data of 950X steel [33] and 12 different batches of 9CrMo steel at      [63], including 
the Coffin-Manson parameters    
    
      , Ramberg-Osgood parameters        , elastic 
modulus E, and yield strength   , is performed. The correlation analysis has shown that: (1) 
the correlations between       
   and b as well as       
   and c are so strong that a uniform 
scatter along      both for the elastic and plastic part of Eq. (1) can be obtained as taken in 
[38][39]; (2) other correlations are poor or very weak; (3) Compared to the other properties, 
variability in elastic modulus E is small and generally ignored. These findings enable us to 
treat the parameters b, c and E as constants, and treat       
   and       
   as independent 
Gaussian random variables, while the Ramberg-Osgood parameters    and    for the ith 
batch can be simply calculated using Eq. (3) and Eq. (4). The consequences of these 
assumptions will be discussed in Section 2.2.3.  
For uniaxial LCF analysis of the two steels, the variability of material response both in 
the Ramberg-Osgood and Coffin-Manson diagrams can be well described by considering the 
variability of the four parameters    
    
      , their mean values have been calculated as 
listed in Table 1. In particular, the Ramberg-Osgood parameters         and yield strength 
   are intermediate variables, and    is obtained by the 0.05% offset rule (         ) as 
    
      
  
                                                               (5) 
Table 1 Material parameters of the two steels 
Parameter 950X 9CrMo at      
  
  Lognormal                   Lognormal                  
  
 /MPa Lognormal                   Lognormal                   
b -0.0921 -0.0498 
c -0.5679 -0.7917 
E/MPa 200892 179477 
 
2.2 Material variability in multiaxial LCF 
2.2.1 Cyclic plasticity model 
Valid modeling and description of cyclic plasticity provides the indispensable 
relationship that reveals the elasto-plastic behavior of materials under cyclic loadings [59]. In 
this study, the Chaboche nonlinear kinematic hardening model [60] is introduced to model 
the plastic behavior of the two steels under study, which can simulate the ratchetting and 
shakedown effects during the FE analysis. The rate-independent material behavior can be 
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modeled by using an additive rule, which is composed of elastic and nonlinear inelastic 
analyses based on the von Mises yield surface. Under isothermal cyclic loading conditions, 
the main equations are   
                                                                             (6) 
                                                                               (7) 
      
  
  
                                                                       (8) 
For the initially isotropic homogenous material, the von Mises condition is used as  
   
 
 
                                                              (9) 
where    is the elastic stiffness matrix;   is the deviatoric part of stress tensor  ;   is the 
deviatoric part of back stress tensor  ;   is the size of yield surface.  
The plastic multiplier    in Eq. (8) corresponds to the accumulative plastic strain 
increment  
    
 
 
                                                                     (10) 
In order to accurately describe the nonlinearity of stress-strain loops, a significant 
improvement on the Armstrong-Frederick model [61] was given by Chaboche and Rousselier 
[60] by dividing the deviatoric part of back stress tensor   into M independent parts as 
                                                                                 (11) 
whereas evolution of each kinematic part is expressed according to [61] 
      
 
 
    
     
                                                                (12) 
where    and    are experimentally fitted material constants in the rate-independent scheme; 
the suitable choice of the last back stress part    leads to an accurate model for uniaxial 
ratcheting behavior.  
In order to describe the variability in cyclic stress-strain response accurately for a 
notched component, a procedure to determine the constitutive coefficients is outlined here for 
using the Chaboche model with three evolution parts (   ), which provides sufficient 
variations to calibrate the nonlinear behavior of materials. More information on the 
determination of Chaboche model parameters can be referred to [59]. According to the usage 
of Armstrong-Frederick evolution law, the stress range    can be expressed by a function of 
plastic strain range     as 
  
 
     
  
  
       
   
 
                                                            (13) 
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where the parameters    and    (         ) and the initial yield strength    can be 
determined from uniaxial tests [62][63] using Eq. (5) and Eq. (13).   
Generally, two steps fitting procedure are introduced to calibrate the Chaboche model 
parameters: the first one is to apply the Ramberg-Osgood equation to model the cyclic stress-
strain curves of the material, which can produce basic smoothing and extrapolation; then 
conduct the curve fitting of a typical rate-independent form of the Chaboche model with 3 
kinematic back stresses, as shown in Eq. (13), according to [59]. Specifically, the constitutive 
parameters can be determined using some numerical optimization scheme through fitting the 
Chaboche model to the Ramberg-Osgood extrapolated cyclic stress-strain curves, which 
minimizes the differences between experimental and predicted cyclic stress-strain curves.  
In this study, the uncertainties associated with material variability and the analytical 
procedures employed (such as strain-life method, i.e. the Coffin-Manson equation) are 
quantified in cyclic stress-strain data and the derived constitutive equation parameters (such 
as Ramberg-Osgood equation parameters). Based on the stochastic material properties in 
Table 1, an example plot of simulated strain-life curves, stochastic cyclic stress-strain 
response and Chaboche model parameters       in Eq. (13) of 950X steel is given for 
         with           as shown in Fig. 2. The abovementioned optimization-based 
identification procedure can be conducted by means of an inverse method in a C++ 
environment/MATLAB
®
 platform, or directly by using an embedded curve fitting tool of 
ANSYS
®
 17.0.  
(a)  
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Fig. 2 Simulated cyclic response using Chaboche model (case   ): (a) simulated strain-life curves, (b) 
simulated cyclic stress-strain response with experimental data and (c) histograms of the three parameters 
             
   
2.2.2 Fatemi-Socie damage criterion 
Notch root analysis for evaluating driving forces during crack formation and estimating 
fatigue life has been critical in multiaxial fatigue design of notched components [64]–[66]. 
Generally, the scatter on fatigue predictions depends on the proper methods used for fatigue 
failure mechanism and damage modeling, the identification of load spectrums, and the 
characterization of elastic-plastic deformation behavior. Moreover, the uncertainties 
associated with material variability in notched fatigue analysis enable the statistical 
assessment of fatigue damage indicator in a multiaxial LCF regime. Due to the complexity of 
real stress/strain states in engineering components, a multiaxial stress/strain state can be 
reduced to an equivalent uniaxial one by using critical plane approaches, and fatigue failure 
occurs once the cumulative fatigue damage on the material plane reached the damage 
threshold [67]. Among them, a well-known Fatemi-Socie multiaxial fatigue criterion [68] is 
used for estimating fatigue life and locating fracture plane positions, although other 
multiaxial criteria can also be applied [69].   
As a critical plane criterion for shear-dominated crack formation and initial stages of 
crack growth, the Fatemi-Socie criterion is presented based on the equivalent shear strain 
(b)
(c)
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amplitude      , a modified cyclic shear strain by the normal stress, which includes the crack 
closure effect as 
      
     
 
    
     
  
  
  
 
 
     
  
   
      
  
                         (14) 
where k is the normal stress sensitivity coefficient that describes the influence of normal 
stress on fatigue life, which is a material and life dependent parameter and generally fitted 
from uniaxial to torsion fatigue tests;       and       are the maximum shear strain and the 
maximum normal stress on the critical plane, respectively.  
Model in Eq. (14) characterizes the cracking behavior in tension and torsion LCF, and 
also considers the effects of mean stress and non-proportional hardening. For situations 
where the local dominating stresses and strains are elastic, the McDiarmid criterion [70] 
yields the same estimations as the Fatemi-Socie criterion. Thus, the Fatemi-Socie criterion is 
introduced for the notch root analysis case in the present work due to its universality.  
Similar to the Coffin-Manson equation, the right-hand side of Eq. (14) models 
macroscopic elastic-plastic behavior at the notch root and correlates the number of cycles to 
crack initiation   , and shear strain-life properties can be estimated by [44] 
 
 
 
 
   
  
  
 
  
  
      
 
    
    
                                                                               (15) 
where   
  and    are the shear fatigue strength coefficient and exponent, respectively;   
  and 
   are the shear fatigue ductility coefficient and exponent; G is the shear modulus,   
        ,   is the Poisson’s ratio.   
For the normal stress sensitivity coefficient k, it can be estimated by       
   under 
limited test data conditions [71]. In reality, the Fatemi-Socie parameters can be 
approximately obtained from Coffin-Manson parameters under uniaxial loadings by Eq. (15), 
or fitted from different batches of experimental data under multiaxial loadings. In general, the 
coefficient k can be identified based on tension-compression and/or torsion tests by 
   
  
 
 
     
     
      
  
     
  
 
 
     
 
         
      
 
   
    
  
      
                                  (16) 
where    is the plastic Poisson’s ratio, and       .  
2.2.3 Simulation of material behavior 
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In order to characterize the material variability on the cyclic stress-strain and strain-life 
responses of the two steels under multiaxial fatigue, the five Fatemi-Socie parameters 
   
    
           have been calculated for different batches of the two steels. In details, the 
experimental          curve is fitted from uniaxial fatigue tests as shown in Fig. 3. Note 
from Eq. (16) that k is a function of   
  and   
 , and can be estimated by the transforming the 
Fatemi-Socie life curves into      curves during life in the relevant life range (in the 
example          ). Thus, for multiaxial fatigue analysis of notched components, the 
variability of the material behavior both in the Chaboche mode and Fatemi-Socie damage 
criterion can be well modeled by using the four parameters    
    
       (reported in Table 1). 
Using Eq. (5), Eq. (13) and Eq. (16), the six parameters, including the Ramberg-Osgood 
parameters        , yield strength   , Fatemi-Socie parameter   and Chaboche parameters 
           are intermediate variables during the simulations.  
(a)  
(b)  
Fig. 3 Lognormal format of (a) Fatemi-Socie criterion and (b) k-N relationship of 950X at          with 
          
In this study, 16 batches of uniaxial fatigue test datasets of 950X steel and 12 batches of 
9CrMo steel at      are taken from the literature [39] for variability analysis in material 
response under multiaxial fatigue loadings. Using Eqs. (3)-(4), through random extraction of 
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parameters       
  
 
 and       
  
 
 (reported in Table 1) using 10
3
 Latin hypercube samples, 
the local material response of the notched component can be simulated by calculating   
 , and 
as well as the yield strength    using Eq. (5) and the Fatemi-Socie parameter   using Eq. (16).   
Based on the stochastic material properties, a correlation analysis among the simulated 8 
parameters was conducted as shown in Fig. 4. The relevant conclusions that can be drawn are: 
i)    has a strong correlation with   
  and   
  according to Eq. (3); ii) k shows a correlation 
with the other parameters according to Eq. (16); iii) the shape of the cyclic curve fixed as 
       makes the parameters   ,    and    perfectly correlated (so they are not 
independent) and that    is simply a function of  
 . The last conclusion is very important 
since it demonstrates how the Chaboche plasticity model can be made consistent with a 
reasonable yet simple description of material variability. Thus, a simple probabilistic analysis 
of mechanical response of the notched component can be conducted under different load 
dispersions.  
 
Fig. 4 Correlation analysis among simulated 8 parameters  
   
3 Probabilistic framework for multiaxial LCF assessment 
Elastic-plastic behavior of fatigue critical components is generally modeled by using 
material properties parameters based on calibrated tests in a deterministic way. However, this 
mechanical behavior is inherently stochastic. Deterministic simulations have so far been 
almost exclusively conducted using safety factors to consider the material variability and 
model uncertainty that were neglected.  
  
 /MPa
  
 
  /MPa
 
  /MPa
  /MPa
  /MPa
  /MPa
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From the viewpoint of practical applications, the probabilistic analysis process should be 
as simple as possible while maintaining reasonable accuracy for calculating the failure 
probability of fatigue critical components. In this study, a procedure for probabilistic 
multiaxial LCF design and life prediction is developed that interfaced commercially available 
probabilistic software, including simultaneous solutions of the constitutive relation using 
ANSYS
®
 and the life calculation using MATLAB
®
. During the probabilistic FE analysis of 
the notched component, material properties and load fluctuations are the random inputs, 
where the variability of the applied load    is modeled by Normal distributions with different 
Coefficient of Variations, namely                     , according to its load spectrum 
analysis [38]. Specifically, the Latin hypercube sampling procedure is introduced to update 
the specific material characteristics for each simulation, as shown in the flow chart of Fig. 5. 
The Latin hypercube sampling technique gives comparable results to the Monte Carlo 
sampling, but with fewer samples. It was implemented using MATLAB®.   
 
Fig. 5 Flow chart for Latin hypercube sampling-based simulations 
Procedure 1 outlines the detail algorithm for probabilistic multiaxial LCF design and 
analysis of notched components:  
Start
Input source data
                     
  
    
                   
Latin hypercube sampling
Generating 103 populations
  
    
  load
   
   material response & load
3D FE analysis
Multiaxial fatigue analysis
   Fatemi-Socie shear strain      & estimated life  
If      
     
Probabilistic modeling
Cyclic stress-strain & life responses
Stop
Yes
No
  
16 
 
Procedure 1 Probabilistic multiaxial LCF design of notched components 
Inputs:  
Structural model of the notched component; distributions of material properties (  
 ,   
 ); load and 
its fluctuations (    ); cyclic plasticity model; failure criterion under multiaxial LCF 
Material and model parameters identification 
1: Correlation analysis of material property parameters, clarify and generate the independent 
random variables;
#
  
2: Calculate the cyclic response for the ith batch, and quantify the scatter of cyclic response by 
using Latin hypercube samplings and solving Eqs. (3) - (4);
#
 
3: Curve fitting of Chaboche and Fatemi-Socie model parameters under material variability;
#
 
Probabilistic multiaxial LCF design 
4: 3D nonlinear FE analysis of the notched component, and output the stress-strain states of the 
element with the maximum Fatemi-Socie equivalent shear strain amplitude;*
, #
 
5: Determination of the critical plane by using the Fatemi-Socie criterion;
#
 
6: Calculate the number of cycles to fatigue failure using Eq. (14);
#
 
7: Conduct 10
3
 Latin hypercube samples to quantify the influence of material variability and 
load fluctuation on the cyclic stress-strain and strain-life behavior of the notched component;
#
 
8: Output the distributions of Fatemi-Socie equivalent shear strain amplitude and life;
#
 
9: Quantification of cyclic stress-strain response, life scatter and safety factors in multiaxial 
LCF design;
#
  
10: Estimation of failure probability    using first order approximation (FOA) format;
#
 
11: Calculation of the design point        for achieving the target reliability;# 
Output: Robust design point        with a target reliability under multiaxial LCF 
Note: * and 
#
 represent the use of ANSYS and MATLAB, respectively.  
 
The abovementioned procedure is conducted through coupling of ANSYS
®
 and 
MATLAB
®
 calculations. The block diagram in Fig. 6 illustrates the process on probabilistic 
multiaxial LCF design of notched fatigue behavior and life scatter of fatigue critical 
components.  
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Fig. 6 Schematic interpretation of numerical procedure for multiaxial LCF assessment 
According to the probabilistic simulations conducted in Fig. 6, the randomness of fatigue 
resistance of the material and actual loading process is quantified for probabilistic description 
of fatigue variability in structural integrity assessment and design. In addition, distributions of 
predicted fatigue life after a period of random loadings can be obtained. Through this 
probabilistic analysis of multiaxial LCF design set-up, an improved control over safety will 
be gained and this will lead us to robust safe-life design for achieving the target reliability.   
   
4 Model application to a notched component 
In order to verify the previous framework for multiaxial LCF assessment of notched 
fatigue behavior and life scatter in ANSYS
®
, 16 batches of strain controlled fatigue test 
datasets of 950X steel and 12 batches of 9CrMo steel at      are taken from the literature 
[39][72] for model validation and application.  
4.1 3D Finite element modeling 
To apply the strain-life approach, a precise determination of the strain at the location of 
interest is required, usually the notch root in components. Using the constitutive model and 
Fatemi-Socie damage criterion outlined in Section 2, a computational model of single 
semicircular edge-notched plate is developed for cyclic stress-strain analysis, fatigue design 
and life assessment under cyclic loadings (see Fig. 7a). Specifically, nonlinear 3D FE 
calculations are conducted for the two steels using the Chaboche non-linear kinematic 
hardening model embedded in ANSYS
®
 17.0. Due to the symmetric condition, a one-half 
model of the single semicircular edge-notched plate is built and meshed using Solid 185 
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elements with a minimum size of 0.16 mm at the notch root chosen after a convergence 
analysis (see Fig. 7b).  
The stochastic material properties used in the 3D FE model, including the variability in 
material properties as shown in Table 1, are assigned through coupling of Latin hypercube 
sampling and FE analysis. Remote applied loads were imposed via pressure boundary 
condition on the upper surfaces, the lower surface in Fig. 7b is a plane of symmetry. The 
elastic and elastic-plastic constants are extracted from a stable hysteresis loop under uniaxial 
fatigue tests according to Section 2.2.1. Moreover, the amplitude of imposed sinusoidal fully 
reversed loads (    ) is repeated and three loading cycles in each simulation are loaded 
on the specimen in the Y-axial direction in all the simulations.  
                     
(a) Schematic dimension (mm)    (b) 3D FE model 
Fig. 7 Single semicircular edge-notched plate 
4.2 Results  
A notched component made of the two steels as shown in Fig. 7b is adopted for 
multiaxial LCF assessment and life scatter analysis under fully reversed cyclic loadings. 
Simulations on different stress levels have been conducted to validate the proposed procedure 
for each material in different regions of the strain-life diagram. Different strain levels   
correspond to different   levels, which are listed in Table 2.  
Table 2 Life at different strain levels   
 Strain levels  
  (MPa) 90 100 150 950X steel 
  (mm/mm)                           
  (cycles) 38580 23870 4211 
  (MPa) 65 80 90 9CrMo steel 
  (mm/mm)                            
  (cycles) 10961 4657 972 
Load s
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(a)           
 
(b)           
 
(c)           
Fig. 8 Simulations for edge-notched plate made of 950X steel at          with                 
                        
 
                   
 
^
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Through following the framework in Section 3, Fig. 8 show the histogram and regression 
line of cycles to failure and         curves of the simulations of an edge-notched plate 
made of 950X steel. According to the numerical results shown in Fig. 8, the lognormal 
approximation yields accurate estimations for the dispersions of both model predictions and 
Fatemi-Socie shear strain responses, i.e.                        
   and 
                         
   at          with           in Fig. 8a. In addition, 
Fig. 8 presents the results of 10
3
 Latin hypercube samples of the equivalent shear strain-life 
response, note that large randomness can be quantified by considering the stochastic material 
properties and load variations. Similarly, the abovementioned calculations have been carried 
out for the edge-notched plate made of 9CrMo steel at      under three different simulated 
   levels with          . As it can be seen, the simulations have proven the effects of 
stochastic material properties on cyclic stress-strain and strain-life response.  
4.3 Discussions with first order approximation (FOA) 
An alternative to traditional deterministic multiaxial LCF design is probabilistic 
multiaxial LCF design (see Fig. 9). For the current investigation, typical variability of loads 
and resistance are identified and explicitly modeled to avoid unnecessary conservatism. Then, 
a robust design under material variability with a target failure probability    can be obtained.   
(a) (b)  
Fig. 9 Probabilistic formats for multiaxial LCF design set-up: (a) Stress-strength and (b) Load-life interferences 
In order to estimate the failure probability of a notched component, the experimental 
         curve is fitted from uniaxial fatigue tests by using Eq. (14), as shown in Fig. 3a. 
Similar to the uniaxial stress-strain response, a relationship between the loading stress   and 
Fatemi-Socie equivalent shear strain      , namely             , can be derived through 
FE analysis. Following the first order approximation (FOA),          can be viewed as a 
Gaussian distribution with parameters 
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Using Eq. (14), the prospective number of cycles to failure can be calculated as 
        
                                                                      (18) 
where the prospective distribution of       can be obtained by 10
3
 Latin hypercube samples 
using Eq. (17).  
As shown in Fig. 9a, the fatigue failure probability    can be readily calculated 
according to the stress-strength interference theory for the Gaussian load      and strength 
      
               
            
       
       
 
                                      (19) 
where       can be estimated by a Gaussian distribution for a design life    using first order 
approximation 
 
               
  
        
     
     
 
     
      
                                                      (20) 
Similarly, a load-life interference model as shown in Fig. 9b can be derived for 
calculating the failure probability    as 
                  
            
         
                                        (21) 
and 
 
          
                  
         
         
 
 
 
      
 
                                                 (22) 
where    
   denotes the inverse of Eq. (14),       is a kind of loading stress amplitude    in the 
Fatemi-Socie criterion,       denotes the constant standard deviation of log-life which can be 
obtained from statistical tests [73], and    
         
     
 
         
.  
Simulated material response        and fatigue life      for the two steels are compared 
with the log-normal distributions obtained from the FOA using Eq. (19) and Eq. (21). 
Example plots of this comparison of simulations and FOAs for 950X steel with      
          are presented as shown in Fig. 10, respectively. Note that FOA gives a good 
approximation for the lower tail of the    samples, while the description of       is less 
precise.  
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(a)           
 
(b)           
 
(c)           
Fig. 10 Simulated          and      for 950X steel with (a-b-c)                
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The conclusion is that, failure probability    can be calculated using the load-life 
interference equation (21) for different design load levels by the FOA. Such calculations are 
shown in Fig. 11 for two notched components under different load variations. It’s worth 
noting that the FOA method yields reasonable estimates of failure probability.  
 
Fig. 11 Estimation of failure probabilities at          for 950X steel with                
From a safe-life design prospective, it is then possible to find the design point under a 
given fatigue failure probability    or safety factor   . Using Eq. (23), for the two steels to 
reach a given target failure probability        
  , design points with       under 
different safety factors have been calculated at different strain levels with different     , 
which are reported in Fig. 11 and Fig. 12.  
Target        
  
2      2      2      
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(a) 
 
(b) 
Fig. 12 Definitions of the design points and the safety factors    with target        
           for (a) 
950X steel and (b) 9CrMo steel at        
As it can be seen, the design points are well below the      curve and their positions 
can be simply estimated by applying a positive safety factor    to be applied to the      
curve [32]. In details, this corresponds to            for          ,            for 
          and            for          . It is worth mentioning that these    values are 
slightly higher than the ones proposed in [32].  
Similar calculations were carried out for the notched component, adopting the cyclic 
properties of a 9CrMo steel at     , calculations are shown in Fig. 12b, the typical safety 
factors are            for          . In particular, due to the higher contribution of load 
variations to the material response scatter, it should be pointed out that higher safety factors 
should be chosen for the lower design lifetimes during the design phase, respect to the ones 
obtained from the Neuber rule-based approximation [38]. Thus, with the known cyclic stress-
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strain response and strain-life parameters, the design points with different target reliability or 
   can be derived with FOA and the safety factor   .  
   
5 Conclusions 
In this study, probabilistic LCF design and life scatter of notched components made of 
two steels under multiaxial loading is investigated by combining stochastic analysis of 
material variability, load fluctuations and cyclic constitutive parameters. The conclusions are 
drawn as follows: 
(1) A numerical framework based on 3D finite element modeling is proposed for multiaxial 
LCF assessment of notched components, which quantifies the stochastic response results 
from random non-uniformity of material properties and/or inherent variability of 
constitutive behavior of materials.  
(2) Consideration of probabilistic modeling of plastically induced stress-strain response 
yields more accurate results for fatigue design and analysis, where the Chaboche 
constitutive model was introduced to model the elastoplastic stress-strain states at the 
notch root and the Fatemi-Socie damage criterion for analyzing notched fatigue behavior 
in FEA.  
(3) For both of uniaxial and multiaxial fatigue, the scatter in fatigue lives or the variability 
of material response can be well described by quantifying the variability of the four 
material parameters    
    
      . Moreover, the choosing of an appropriate safety factor 
depends also on the scatter of applied loads. The normal and lognormal distributions are 
introduced to account for the material variability and load variations during the 
simulations.  
(4) A relationship between the safety factor for choosing design curve and strain-life 
variability has been derived for obtaining the design point by using first order 
approximation based on the load-life and/or stress-strength interferences, which 
elaborated the safety factor accurately in safe-life design of fatigue critical components. 
Comparisons of the numerical and experimental results of notched components made of 
the two steels reveal the validity and accuracy of the proposed framework.  
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Research Highlights: 
(1) A probabilistic framework for multiaxial LCF assessment is proposed.  
(2) Scatter in fatigue lives can be well described by material response variability    
    
      .  
(3) Probabilistic plasticity induced stress-strain response yields more accurate results.  
(4) A simple application of the safety factor for multiaxial fatigue criteria has been explored. 
 
 
